We consider a quasi-static quantum Otto cycle using two effectively two-level systems with degeneracy in the excited state. The systems are coupled through isotropic exchange interaction of strength J > 0, in the presence of an external magnetic field B which is varied during the cycle. We prove the positive work condition, and show that level-degeneracy can act as a thermodynamic resource, so that a larger amount of work can be extracted than from the non-degenerate case, both with and without coupling. We also derive an upper bound for the efficiency of the cycle. This bound is the same as derived for a system of coupled spin-1/2 particles [G. Thomas and R. S. Johal, Phys. Rev. E 83, 031135 (2011)] i.e. without degeneracy, and depends only on the control parameters of the Hamiltonian, but is independent of the level degeneracy and the reservoir temperatures.
I. INTRODUCTION
The study of thermal machines in the quantum regime, is currently under intense investigation. Different quantum working substances may be employed, such as a three-level maser [1] , two-level [2] [3] [4] or multi-level quantum particles [5, 6] such as spins [7] [8] [9] [10] and harmonic oscillators [11] [12] [13] [14] . This spurt of interest has been due to advances in the technology of micro-and nano-machines, as well as theoretical progress on the connection between thermodynamics and quantum theory [15] [16] [17] [18] [19] . When the size of the heat engine is reduced, the presence of quantum discreteness, degeneracy, and quantum correlations pose a natural question: whether the principles of thermodynamics that were customarily applied to macroscopic objects, now retain the same form, and if not, what are the consequent modifications? Quantum analogs of classical Otto cycle serve as a testbed to analyze and illustrate various extensions of thermodynamic ideas in the quantum domain [7] [8] [9] [10] .
Recently, quantum Otto cycle (QOC) in the quasistatic limit, with two spin-1/2 particles coupled by Heisenberg exchange interaction, was shown to exhibit an enhanced efficiency [7] . Though the efficiency is naturally limited by Carnot value, a stronger upper bound (η ub ) was found in the presence of coupling. This bound depends on the control parameters in the Hamiltonian, but not on the reservoir temperatures. An analysis of local work and efficiency shows counter-intuitive effects such as locally the flow of heat may be in a direction opposite to the global temperature gradient [7, 44, 45] . 100% efficiencies have also been reported using negative absolute temperatures of the heat reservoirs [8] .
In a related study, the efficiency for a system of a spins particle coupled to a spin-1/2 particle [9] was shown to exceed η ub , depending on the spin-value s. An outstanding question is whether a bound stricter than the Carnot * rsjohal@iisermohali.ac.in efficiency may also exist for two coupled spins of arbitrary magnitudes s 1 and s 2 . In this paper, we take a step in this direction by considering two coupled effectively twolevel systems, each with a degenerate excited state. Such systems are often studied in quantum and atom optics e.g. atoms with V-configuration [46] , where the excited level is very nearly doubly-degenerate. Within quantum thermodynamics, the role of level-degeneracy has been explored using finite-time models of thermal machines [5, 47] . We show conditions under which work is extractable from such a working medium using a quasistatic QOC. It will be observed that level-degeneracy can act as a thermodynamic resource, helping to extract larger work than the non-degenerate case, both with and without coupling. Somewhat surprisingly, we obtain the same upper bound on the efficiency, η ub , for the degenerate case also. Thus the presence of degeneracy alters the extracted work, but not the maximal efficiency of a QOC.
The paper is organized as follows. In Section II, we introduce our working substance and the model for QOC. Various stages of the heat cycle and its efficiency are described within a general framework. In Section III, we discuss the positive work condition (PWC) and engine's efficiency for the non-interacting case. In Section IV, we calculate the work and efficiency for the interacting case and PWC is proved within a certain regime of parameter values. In Section IV.A, we discuss the upper bound to the efficiency which is stricter than the Carnot efficiency. Section V is on further discussion of our results. The final Section VI summarises our main findings. The computation of eigenvalues of the Hamiltonian, the proofs of PWC and of the upper bound are given in the appendices.
II. QUANTUM OTTO CYCLE
The working substance consists of two particles which are effectively two-level systems such that while the ground state is non-degenerate, the excited state of each is n by an Heisenberg exchange interaction specified below. The Hamiltonian of the working substance in the first stage of the cycle is given by:
where H 1 is the free or local Hamiltonian and H int is the interaction Hamiltonian with J > 0 as the anti-ferromagnetic exchange constant.
z |i = 1, 2}, are the generalized spin operators for the particles (see Appendix A). For n (i) = 1, we have two coupled spin-1/2 particles [7] . The various stages of the heat cycle are discussed as follows. A schematic of the cycle is shown in Fig. 1 . 
Stage 1:
The working medium is in thermal equilibrium with a heat reservoir at temperature T 1 . The density matrix ρ 1 for the working substance is given as:
where N = (n (1) + 1)(n (2) + 1) is the number of energy levels with |ψ i as the corresponding energy eigenstates. p i = exp (−E i /T 1 ) /Z 1 are the occupation probabilities of the microstates with energy levels (E i ) and Z 1 = i exp (−E i /T 1 ) is the partition function for the system. We set Boltzmann's constant k = 1. Stage 2: The system is isolated from the hot reservoir and the magnetic field is changed from B 1 to B 2 such that B 2 < B 1 . So the local Hamiltonian is then given as:
. During this process, the quantum adiabatic theorem is assumed to hold [48] , according to which the rate of the process should be slow enough so that the occupation probabilities of the energy levels are maintained. Work is performed by the system during this step. Stage 3: The system is brought in contact with a cold reservoir at temperature T 2 (< T 1 ). The energy eigenvalues are E i and the occupation probabilities change from p i to p i corresponding to canonical density matrix ρ 2 . The amount of heat rejected to the cold reservoir is:
where ∆ρ = (ρ 1 − ρ 2 ). The first term above can be identified with the amount of heat locally exchanged by the working substance, while the second term is solely due to the interaction.
Stage 4:
The system is detached from the cold reservoir and the magnetic field is increased from B 2 to B 1 with occupation probabilities remaining unchanged at p i and energy eigenvalues change from E i to E i . Work is performed on the system. Finally the system is attached to the hot reservoir again. Thus the system returns to the initial state, completing the heat cycle. The amount of heat absorbed from the hot reservoir in one cycle is:
The work performed per cycle is:
The efficiency η = W/Q h can be written as:
The first factor, η loc , based on the amounts of heat exchanged locally with the system, can be regarded as the efficiency in a local sense. This factor also becomes equal to the efficiency of the engine when the interactions are absent.
In this paper, we are considering the Hamiltonian for which we can write 
where η 0 is the efficiency in the absence of the interaction [49] . Further, as locally the system works like an engine, so 
where
Now, under certain conditions, it can be proved that X > Y . This ensures that an upper bound exists for the efficiency, given as:
This bound is independent of the reservoir temperatures, and is tighter than the Carnot limit, within a certain range of parameter values. In Ref. [7] , the above bound was proved for the working substance of two coupled spin-1/2 systems. In the following, we make a detailed analysis of work and efficiency in a QOC with our chosen working substance.
III. THE UNCOUPLED MODEL
We first summarise the cycle in the non-interacting case. The working substance consists of two noninteracting particles in the presence of an externally applied magnetic field B along z-axis such that each particle effectively has two energy levels with a nondegenerate ground state, but the excited state may have an arbitrary degeneracy n (1) and n (2) , respectively. The Hamiltonian of this system is H 1 . Since the particles are non-interacting, each particle undergoes an independent heat cycle. For a particle with degeneracy n (i) , the probabilities at Stage 1 are:
. Similarly, the occupation probabilities at Stage 3 are:
. Then the heat absorbed from the hot reservoir is: q 1 = 2B 1 (p 2 − p 2 ), and the heat rejected to cold reservoir is: q 2 = 2B 2 (p 2 − p 2 ). The work extracted per particle during the heat cycle is
Since B 1 > B 2 , so for a positive work condition (PWC), we must have p 2 > p 2 , which means
As shown in Appendix B, the extracted work from such a system with n (i) -fold degeneracy, is bounded from above by the work from n (i) two-level systems (without degeneracy). Thus degeneracy can act as a thermodynamic resource.
The efficiency η 0 = w/q 1 , is given by 1 − B 2 /B 1 . Due to (11) , the engine efficiency satisfies:
where η C is the Carnot efficiency.
IV. THE COUPLED MODEL
We now switch on the coupling between the particles. The Hamiltonian of this system for B = B 1 is as given in Eq. 1. The eigenvalues of the Hamiltonian (see Appendix A for an example with particular values of degeneracies), ordered in increasing energy, are as follows:
We take parameter J to satisfy B > 4J, so that −2B+2J is the ground state. In this paper, we study the effect of coupling strength J on thermodynamic properties of QOC, for given values of B 1 , B 2 , T 1 and T 2 . Now the occupation probabilities for the above energy levels can be calculated as:
We denote the probabilities at Stage 1 by P i with B = B 1 and temperature T 1 , and that at Stage 3 by P i with B = B 2 and temperature T 2 . Note that for the simplest case of two spin-1/2 particles where n (1) = n (2) = 1, we have only four distinct energy levels-without degeneracy. Further, the parameter values satisfy Eq. (11) . Now, the heat absorbed by the working medium during Stage 1, and the heat rejected to the sink during Stage 3 respectively is:
The work performed in one cycle is:
Then as shown in Appendix B, the PWC i.e. W > 0 holds as long as J ≤ J c , where
In other words, for given values B 1 , B 2 , T 1 and T 2 , satisfying Eq. (11), a sufficient criterion for W > 0 in the coupled case is that J ≤ J c . In Fig. 2 , it is shown that degeneracy of the excited level leads to a higher work extraction. 
A. Efficiency and its upper bound
Now, from Eq. (8), if J = 0, the efficiency is equal to η 0 . It is observed that Y (J) as function of J shows a nonmonotonic behavior, so that η first increases with J, but then decreases, and beyond a certain J(≡ J m ), becomes less than η 0 , (see Fig. 3 ). Within the general discussion of Section II, we can say that the efficiency is equal to η 0 when Tr[H int ∆ρ] = 0. This happens in the case of no interactions, J = 0, but may have a solution for some non-zero interaction strength. At the latter point, we have then the condition Tr[H int ρ 1 ] = Tr[H int ρ 2 ], i.e. the average interaction energy is not altered on changing the equilibrium state of the working substance from state ρ 1 to ρ 2 .
So J m is determined by Y (J m ) = 0. This implies, from Eq. (15), P 3 + 2P 2 = P 3 + 2P 2 . Expressing P 3 (P 3 ) in terms of P 2 (P 2 ), this condition is rewritten as:
First, we take the case of two spin-1/2 particles (m = 0). Then P 2 = P 2 is the condition for Y (J 0 ) = 0. In this case, we can explicitly solve for J 0 :
1 + e 2B1/T1 + e −2B1/T1 . (19) For the above case, it can be shown that J 0 ≤ J c , the equality being approached for low temperatures. However, in the case of degeneracy (m = 0), it is not possible to find a closed expression for J m . Numeric evidence shows that degeneracy (m = 0) may lead to an extended regime of enhanced efficiency, beyond J = J c values (see Fig. 3 ).
For the uncoupled or J = 0 case, PWC leads to condition p 2 > p 2 . As J becomes non-zero, we have P 2 > P 2 up to a certain value of J, after which the opposite condition i.e. P 2 > P 2 , holds. It is convenient to do further analysis in the following regimes, separately: (i) P 2 > P 2 , (ii) P 2 > P 2 (see inset of Fig. 3 ).
(i) P 2 > P 2 Regime: It can be shown (Appendix C) that the condition P 2 > P 2 implies the following relations between the occupation probabilities:
Η ub PWC has already been proved, but here due to P 5 > P 5 and P 1 < P 1 , it is clear that X > 0, or W > 0. From Eqs. (13) and (16), the efficiency of the engine in the general case is:
Further, in this regime, due to Eq. (20), we also have Y > 0, which implies that the efficiency, Eq. (21), is higher than uncoupled case: η > η 0 . Further, it can be proved (Appendix C) that X > Y . Therefore, we can write:
(ii) P 2 > P 2 Regime: Now, we have seen that Y > 0 is a necessary condition for η > η 0 . So from Eq. (15), when P 2 > P 2 , then in order to have an enhancement of efficiency, we must have P 3 > P 3 . Then we also obtain P 4 > P 4 and P 5 > P 5 . Note that this still leaves the inequality between P 1 and P 1 undetermined. However, it can be shown here also that X > Y (Appendix C) and so the same upper bound on efficiency holds in this regime also.
Finally, it can be directly seen that the upper bound η ub derived above is less than the Carnot limit η C , as long as J < J c , where η ub = η C , for J = J c .
V. DISCUSSION
In an earlier study [5] , and more recently [47] , level degeneracy has been shown to act as a thermodynamic resource. In Ref. [5] , a two-step, finite time cycle was considered using two multilevel systems, each in contact with its respective reservoir. The working medium is regarded as isolated from the reservoirs during the work extraction step. However, in Ref. [47] , the working mediumin the form of a V-configuration system, is continuously coupled to both the reservoirs during the cycle. In the present work, using a quasi-static, four-step Otto cycle on such systems, it is shown that degeneracy can act as a thermodynamic resource and the work (w n ) extracted from a two-level system with n-fold degeneracy in the excited level, is bounded from above by the work (w 1 ) obtained from n two-level systems, i.e. w n ≤ nw 1 (see Appendix B). For the special case of a V-configuration system, it implies w 2 ≤ 2w 1 . This result may be compared to an analogous result on the power extracted in case of a finite-time model [47] using the same system. By the same token, the work per cycle from two noninteracting V-configuration systems would be bounded by the work from four two-level systems. However, as we show by numerical evidence in Fig. 4 , the presence of the exchange coupling between two V-configuration systems may lead to a higher amount of extracted work than from four two-level systems.
VI. SUMMARY
We analyzed quantum Otto engine between two heat reservoirs, using two effectively two-level particles with degeneracy in the excited state. In our model, the particles are coupled by isotropic exchange interaction in the presence of an external magnetic field B, varied during the cycle. We could show that for given values of B 1 , B 2 , T 1 and T 2 , satisfying B 2 /T 2 > B 1 /T 1 (PWC for the uncoupled case), a sufficient criterion for W > 0 in the coupled case is that J ≤ J c where J c is a certain critical value (independent of degeneracy). It is shown that coupling can lead to enhancement in both the extracted work and the efficiency. An upper bound to the efficiency is derived in the regime J < J c , which also implies that the bound itself is limited by Carnot value. Interestingly, the bound is independent of the degeneracy of the levels and is thus equal to the one found for two coupled spin-1/2 particles [7] . On the other hand, we find that degeneracy can act as thermodynamic resource, helping to extract a larger amount of work, with or without coupling. Further, numerical evidence shows that the degeneracy (m = 0) leads to an enhancement of work and efficiency even in the strong coupling regime (J > J c ). A corresponding analysis in this regime could shed more light on the role of degeneracy in the performance of the idealized cycle.
In the main text, we assumed arbitrary values for the degeneracies of excited states of the two particles. In the following, we calculate the eigenvalues of the Hamiltonian for a particular example: when one particle has a non-degenerate ground state and a two-fold degenerate excited state (n (1) = 2), while the other particle has four energy levels with one ground state and the excited state as three-fold degenerate (n (2) = 3). Therefore, we have m = n (1) + n (2) − 2 = 3, and n = n (1) n (2) = 6. For the first particle, the operator s The lowering operator defined as s
, is given by:
The operators s The particle operators for the other particle with one ground state and the excited state is 3-fold degenerate, are similarly calculated and given as follows. Then the eigenvalues of the Hamiltonian
z ), are computed to be:
Appendix B: Degeneracy as a Thermodynamic Resource
The work extracted from the n-fold degenerate system is given by
Let w 1 represent the work extracted from a nondegenerate two-level system. In the following, we denote e 2B1/T1 = x 1 and e 2B2/T2 = x 2 . We can write:
where C = (x 1 + 1)(x 1 + n)(x 2 + 1)(x 2 + n) > 0. Since B 1 > B 2 and x 2 > x 1 , we note that
Thus the work per cycle from the n-fold degenerate system is bounded from above by the work from a working medium of n non-degenerate, two-level systems.
Appendix C: Positive Work Condition (PWC)
The work extracted per cycle in the coupled case is given by:
Since B 1 > B 2 so we need to show P 1 − P 1 + P 5 − P 5 > 0, or P 1 − P 5 > P 1 − P 5 . This implies
On cross multiplying and rearranging terms, the above inequality can be written as:
We can check that for T 1 > T 2 , every term enclosed by parentheses is positive, if we apply the following conditions:
The above set of conditions are sufficient to ensure the PWC.
We assume the inequality: P 2 > P 2 . From the definitions of the probabilites, we can write P 3 = me −4J/T1 P 2 , and P 3 = me −4J/T2 P 2 . For T 1 > T 2 and J > 0, this implies P 3 > P 3 . Further, due to P 4 = e −8J/T1 P 2 and P 4 = e −8J/T2 P 2 , it follows that P 4 > P 4 . Finally, as P 5 = ne −(2B1/T1+8J/T1) P 2 , and P 5 = ne −(2B2/T2+8J/T2) P 2 , so P 5 > P 5 . Using the normalization condition on probabilites,
i=1 P i = 1, we finally obtain: P 1 < P 1 . Thus if P 2 > P 2 is true, then definite inequalities exist between all the primed and unprimed probabilites: P 1 > P 1 , P 3 > P 3 , P 4 > P 4 , P 5 > P 5 .
From the above relations, we see that Y > 0, i.e. the efficiency is higher than η 0 . Then we need to show, in Eq. (21) , that X > Y , i.e.
X − Y = P 1 − P 1 − P 5 + P 5 + P 2 − P 2 + 1 2 (P 3 − P 3 ) > 0.
(D2) From the normalization condition, and the fact that P 4 > P 4 , we can write P 1 + P 2 + P 3 + P 5 < P 1 + P 2 + P 3 + P 5 , or upon rearranging P 1 − P 1 + P 2 − P 2 + P 3 − P 3 + P 5 − P 5 > 0.
(D3)
As P 5 > P 5 , so if we substitute in Eq. (D3), P 5 − P 5 > 0 in place of P 5 − P 5 , the resulting expression is still positive. Thus P 1 − P 1 + P 5 − P 5 + P 2 − P 2 + P 3 − P 3 > 0.
Also, using the fact that P 3 − P 3 < 0, inequality (D4) also implies:
which is Eq. (D2).
P 2 > P2
Suppose we are in the regime of parameter values where P 2 > P 2 . We have earlier seen that the efficiency of the coupled model is higher than the uncoupled model, if Y > 0. Now, in Y = (P 2 − P 2 ) + (P 3 − P 3 )/2 > 0, the first term is negative. Thus an essential condition for Y > 0 is that P 3 > P 3 . This inequality alongwith the following relations P 4 = e −4J/T1 m P 3 , P 4 = e −4J/T2 m P 3 , implies that P 4 > P 4 . Similarly using the condition B 2 /T 2 > B 1 /T 1 , we can show: P 5 > P 5 . Thus given that P 2 > P 2 and the efficiency to be higher than the uncoupled case, the following relations hold: P 3 > P 3 , P 4 > P 4 , P 5 > P 5 .
Note that, it still leaves the relation between P 1 and P 1 undetermined. However, this does not cause a difficulty and we can prove X − Y > 0 here also, along the same lines as shown above i.e. using the normalization of probabilities and Eq. (D6). Thus the same upper bound for efficiency, η ub , holds in this regime also.
